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COEFFICI13JTSFOR lKMZIZICALD~OI’J
WITH FUNCTION VALUES G- Al UMEQU..Y SPACED POINTS AND
APHZCATION TO SOIUTIOI’iOF PARTIAL DUTE@WUL EQU..@JS
By Chun@ua W
General differentiationformulas for successive derivatives of
a function are obtained in terms of the values of the funotion at
unequally spaoed argummts and the correspondingdistances between
the successive arguments using Lagrangian polynomials of ~ous
degrees. The remainder term is also obtained. Tables of coeffi-
cients in the foznmlas for the first four derivatives are given in
intervals of 0.01 for the s~cial ease where only one spacing at
either ed is different from the others, aa is often enoounte~d
near a ourved lmmdary, for differeti ratios of this spacing to the
others.
A general discussion of appl~ng these formulas to the numer-
ical.solution of partial differential equations is made. In parti-
milar, the ap@oation to the equations of the elliptic tyye is
illustrate with a problem involving derivatives of both first and
second o-r and with the value of the function given on a ciroular
boundary. After replaoing the derivatives by the formulas basea on
fourth-degreepolynomials, the resulting set of equations is solves
by both relaxation and matrix methds. Similar application to prob-
lems of compressible flow past isolated and cascade airfoils and
through turbomaohines,and tem~rature distribution and thermal
stress in oooled turbine blades, is indicated.
In recent Pars, use of numerical methcds in the solution of
partial differential equations that are intractableby exaot analyt-
ical methds increasea. In these methods, a network of pivotal
points over the domain of the problem is considered and the differ-
ential &uation is replmed by its finite-differenceexpressions
that involve the values of the “wanted funotlmn” at these points.
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In general, the accuracy of the solution depen& on the fineness of
the network and on the accuracy of the finite+5fference expressions “ ,,
used. Eor the case where the spacing between the points is every- .
where the same, Mfferentiation formulas based on polynomialsup to
the ninth degree are available (reference1). In most praotical g
problems, however, a part of or the whole boundary line of the domain 1+
is often curved, which renders the spacing near the boundary dif-
ferent frcxnthat elsewhere. In the past, a linear or higher-cinder
extrapolation formula was usually used.to obtain, from the given
boundary value, the value at a fictitious point outside the boundary
at a Mstance from the first point inside the boundary equal to that
between all the other points (references2 and 3). In refemmce 4,
a differentiationformula based on unequal distances between the
points is obtained for the second-omler derivative using a second-
degree polynomial,but the error term is not given. It is felt
that a need exists for general formulas for computing different
orders of derivatives by using the values of functimui at nonqui -
distant points based on polynomials of various degrees.-Such for-
mulas will not cmly help to solve more convenientlythose problems
with curved boundaries, especiaUy for computation on large-soale
digital caquting machines, but will also help to reduce the nuniber
of points involved in a problem by using relatively small spoings
only where needed. The formulas ~ alSO help to d.eteridnemore
accurately the non-homogeneousterms in the differential equation
that are not given but are to be obtained through differentiation
during the calculation.
In connection with the theoretical investigationbeing conduc-
ted at the I’UWllLewis laboratory on fluid flow ~st cascades of arbitmry
airfoils and through turbomachineswith arbitrary hub and casing
shapes, general differentiationformulas are obtained in terms of
the values & the function at non-eg.tidistantpoints and the cor-
responding distances between the successive potits by using
Iagrangian po@mmials of various degrees. The error term is also
obtained. Tables of coefficientsfor the first four derivatives
for the special case where only one spacing at one end is different
from the others, as often encountered near a curved boundary, are ‘
computed.for Mfferent ratios of the unequal distance to the equal
distances from 0.1 to 1.29 in titervals of 0.01.
A general discussion of the applimtion of these formulas to the
nmnerical solutions of partial dMf erential equations is presented}
incluMng the advantages of using a higher-degree polynomial. The
method is illustratedwith a problem involving a second-orderpartial
differential equation with a circular boundary, which is treated in
reference 3 by the use of a difference-correctionmethod. After the
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derimzbives are replaced by fourth+legree differetiiationformlas,
the resulting equations are solved by both relaxation and matrix
methods. The application to fluid flow past isolated and oascade
airfoils and through turbomaohines and to temperature distribution
and thermal stress in cooled turbine blades are i~oatea.
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SYMFKKS .,
The f@lowing sycibolsare used in this report:
a,b,c,a
~;
>:
J%
[a]
E
F)G>H,J>K
,[1]
Jo
[L]
[2]
[M]
m
N
diffemqtiation coefficients in equation (15) uses to
mltiply funotion value at point x~ to give mth
derivative at ~ using nth-degree polymmial
successive aistanoes T@ween xo, xl, x2, X3$ - X4
/
ml
#j %+1(X3) .
mth derivative of y with respect to x
lzh@nal matrix
first term in
fnnctions of
unit matrix
Bessel fimotion of fizwt kind of order zero
lo&r triangular matrti *
lower triangular matrix with unit diagonal elements
coefficientmatrti
order of derivative
number Of ~ia poitis
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n
{~h{w{s},
{T},{W)
r,z
[u]
[v]
x
q++)
degree of polynomial
.
column matrices
Vexocity
remainder term of mth derivative at point xi
obtained by using nth-degree poQnomial
.
polar coordinates
upper triaq@ar matrix with unit diagonsl elemmts
cmuposite matrti
indqendent variable
dependent variable
submatrix
order of [a]
ratio of s~ctiio heats
rectangular coordinates
oonstant
value of x lying
product of (n.i-1)
(X-XJ
density
de~ndable variable
stream funotion
between greatest and least of x
factors, (x-~), (x-xl), . . .
ZJ
l-l
“
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Superscripts:
.
1,2, .*. N interior points
a,b,o,d, . . . boundary points
f n
2> “t,iv first to fourth-order derivatives
nth derivativen
Subscripts:
i,j,k,Z,p,q denute value at given arguments
o “ stagnation value
GENERAL DIE’FERENJ!IATIOII?FO134ULAS
.
If y= f(x) is a funotion of x and the value of y at n+l
arguments or points X0, xl, . . . xi, . . . ~ are known, the *w*
Lagrangian interpolationpolynomial of degree n is (referenoe5)
(X-XJ(x-q l l l (X-xn) (X-xo)(x-+ l l l (X-xn)
yl +...+
y = (Xo++ (XO-XJ. c .(xo-xn) ‘0+ (X1-xo)(yxJ. . .(yxn)
(X-xo)(X-X-J . . l (x-xn-J f(n+l)(~)
(Xn-xo)(xn-xJ l l .(xn-xn-~)‘n + (n+l) i ‘x-%) ‘X-X1) “ “ l ‘x-%) ‘1)
in whioh the last term is the remainder tezm with the value of
~
lying between the least and the greatest of the numbers x, ~,
xl, . . . ~. By using
IqJx) = (x-x(j)(x-xl) * l l (X-XJ
and its first derivative .
.
(2)
(3)
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“
equation (1) oan be written as
where .
(5)
and
From equations (3), (4), and.(5),
aerivati+es of y
as follows:
the formulas
at any point
dy =
1- 1
n
q
‘3 %&) n ~
‘1
—+
~=o -+l(xj) ‘-XJ &() ‘-~
k+j ‘
for the successive o
x can be obtained .
.
(7) “
where
3 . %-i-l(x) f (n+l)(~) + 2 ‘+l(X) f(n+2)(f) *+ . . . (lo)\ (n+l)! .-
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where
Z+j PA “
n
D% = 4!
x( ‘
Y ~n+l(X)
qi+l (Xj) X-xjj=o
n“” 3 q.L }1-1
+%
n
(U)
(12)
(13)
where
and so forth.
In the preceding formulas of the remainder terms, only the fir&t
two terms are given. The value of t is unknown. Far the ease where
f(n+l)(x) and f (n+2)(x) do not vary much over the range @ x, they
may be estimated by the values at the point x in question by using
appro~ate differentiation formlas.
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For the ease where the derivatives are required only at the given
argumerits xi, the faot that most of the terms Contaihtng IIn+l(Xi)
vanish greatly simplifies these formulas. The resulting expression
for the first derivative agrees with that given in referenoe 5. For
l@e lyresentwork, it is found to be more convenient to keep the general
form as previously given, which enables the same operation at all.
points. Thus, the mth derivative of y at xi basea on a poly-
nomial of nth degree (n>m) may be written as
For m=l
lRi.
n
For m=2,
1 i %+1%) n 1xnAj=— —Xi-xj xi-+
;j:
(15)
.
/
(16)
.
.
(17)
II&+l(xi) ~ (n+l)( f) + %& -+n+a(g) g + l l l
(n+l)i .
(18)
(19)
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F and so forth. With this setup, the expression of the ooefficientp A
in terms of tliegiven unegyaldistances between the points oan be
obtained very easily; for example, if the suooessive spaoings between
five points xo, xl, ~, X3, and X4” are a, b, c, and d, res-
.
ively, the ooefficients A can be obtained in the followin.gmanner:
First, the expressions of 115(~), inoluding the factor zero for
i = 0,1,2,3,4, are written.. For exem@e, .at i = 1, I15(q) is
11 for j = 0,1,2,3,4 area(0)(-b)(-b-o)(-b-o-@. Coefficients 4A~
then obtatid sim~yby taking out the appropriate X1-X3 fa~tor from
=5(x1) ad appl~~ the summation opezation. At all of the other
points except at j = i = 1, all of the terms exoept one vanish
beoause of the factor zero in 115(x1), with the result ~A~ eg@
to -b(b+o)(b+o+d); ab(b+c)-+ ab(b+o+d) + a(b+c)(b+ctd) -‘b~b+o)(b+C+d);
a(b+o)(b+o+d); ab(b+c+d); and @b(b+o) at ~ = 0,1,2,3,4, respectively
The other mefficients oan be obtained in a similar manner.
The expressions of the various coefficients in formula (15) in terms
,, of the unequal spacings ajb~ . . . between successive arguments, using
three, four, and five points, respectively,are given in the folhwing
*
.
fozmulas:
General Three-Point
(Dmy)Exi = m!
-. —
DifferentiationFormula
2 mAi ~
&
2j3+%i
= II+(X3) 2
m i Al I M I E/f(3)(~)
o -(2a+b) -(a+b) “-a a(a+b)/6
1 1 -b a-b a -ah/6
2 b a+b a+2b (a+b)b/6
o 1 1 1 .{&++)3
2 1 1 1 1
“ 2 1 1 1 (a+~b)/3
.
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2
3
c
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GeneralFour-PointDifferentiationFormula
An
[! 1a(a+b+a(a+bto)+(a+b (O+b+C)
b(b+c)
-bc
(ln-c)c
-a-(e+b)-(a+b+c)
-b-(b+o)
b-o
(b+c)+c
1“
1
1
1
.
w Al
(a+b)(a+b+o)
[
-ab-a(w~)
b(b+c) !I
-(a+b)o
(a+b+c)a
-(a+b)-(a+lw)
a-b-(two)
(a+b)-o
(a+b+o)*
1
1
1
1
Al?
a(a+b+o)
-a(btc)
a+b)b-(a+b)c-bo
(a+b+c)(b+o)
-a-(a+bto)
a-(b+o)
(a+b)+b-c
(a+b+c)+(b+o)
1
1
1
1
A3
a(a+b)
b-a
(a+b)b
[EEYYl
-a- (a+l.t)
a-b
(a+b)+b
(a+b+c)+(b+c)+c
1
1
1
1
E/f (A)(f)
- a(a+b)(a+b+c~
24
@?p.1
4?k#
@Ho) (b+o)o
24
.
n:(q)) q(q) q%?) II;(X3)
-a(a+b)(a+b+c) ab(h.o) -(a+b)bo (a+b+o)(b+o)c
.
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Oawrml Five-Point
.
% %?
: .F~#%:&+,+] -(a+b )(a+b+c ) (a+b+a+d -a(a+b+o )(a+b+o+d )
(a+b)(a+b+o )(a+bta+d)
1 -b(b+o)(b+e+d)
[/
ab(b+a +ab(b+o+d)+
1
aOM’0)(b+04d)
a(b+c) b+o+d)-
b(b+a)(b+a+d)
2 be(a+d) (=+b)o(e+d )
[ 1-(a+b )bo-(a+b )b( -d )+(a+b)o(a+d)+bo( o+d)
.
s -(b+o M ‘ -(a+b+o )od -F(a+b+a)(b+a )d
4 (b+a-”) ( o+d)d (.+b+c+d ) (c+d )d (a+b+o+d )(bto+d )d
.
0
1 [lwirisw”~~~+
~:~p~,
] [ 1
a(a+bl’a )+a(a+b+a+d)+
(a+b+o)(m+b+a+d)
1 ~i&71r$M7M)+1
[1
] [
- b+a)-a(b+a+d)+
&b+ +’t.J’J+d )+ 1
_(b+o)-n(b+oW)+
(b+o)(b.q+d)
2 -bO+.(o+d)+o(c*)
[1 ] [[mdasa%dj
-(a+b O-(a+b)(o+d)+ ‘
O(o+d
s (b+o)c-(M)d-ad (a+b+o)e-(a+b+a )d-od
[
p+bfi)(b+a )- (8A+a)4- 1
‘l@w(”-)+(b**)dq[~~==~~fl~d[~:=~$ti~d
D-a-(a+b)- a+b+o)-(a+w!+d) [A&M&+0,-] -&(a+b+a )-(a+b+o~ )
L -b-(b+n )-(b+c+d) a+(b+a )-( b+o+d) a-(b+o )-( b+a+d)
2 b-o-(a+d) (a+b)-o-(o+d) (nib )*-O-(.+4
5 (b+c )+u4 (a+b+a )+04 (a+b+a )+(b+.)-d
1 (b+n+d )+(o+d )+d (a+b+a~ )+(c+13)W (a+b+O+d)+(b+O* )+d
> “ -1 1 1
1 1 1 1
# 1 1 1
,
I 1 1 1
I ,. 1. 1 1’,.
U:(XJ II:(xl) nJ(=2)
I
a(a+b)(a+b+e)(a+b+e+d) -ab(b+a ) (b+c+d ) (a+b)bo(o+d)
?,:”l. zo ~“ > ;,.7, 3, q / >C5,7Z +,
.
.
_. .,- . -
-- ., —--v -—-— .— —--.-7 ——. ———— .-—
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M!’fmantiation Fo~
.
“/
4
As
-a(a+b)(a+b+atd)
ib(bto-)
-(a+b)b(o+d)
‘(a+b+a )(bta )o-(a+b+o )x
1-(b+a )d-(a+b+a )ad-(b+o )ed
hwbto+d)(b+e+d)(o+d)
I 1.a(a+b +a(a+b+oM)+@b) a+b+atd)
1
.+b-a(b+e+d )+
-b(b+e+d)
‘(a+b)b-(a+b)(o+d)
,b(otd) 1
“(a+b+o)(b+o)@b+o)o-
1ja+b+s )d+(b+a )o-(b+a )d-od
h+b+c+d )(b+ci+d)+ a+bto+d)>
Jo+d)+(bta+d)(o+d \
m-(a+b)-(a+bto+d)
,Fb-(b+atd )
a+b )+b-(o+d )
atb+n )+(b+a )+04
h+bwwd)+(b+Q+d)+(o+d)
1
1
1
t
1
1
(x$’+
A4
-a(a+b)(a+b+a)
.
$&j+p ‘ w
EN)(S)
& a(a+b)(a+wl)(a+b-%d)
ab(b+a )
-(a+b )be
(a+b+o)(b+e)o
[prqaw+ -
a+w.o.M ) o+d)d+(b+o+d )(o* )d.
a(a+b)+a(a+b.RT)+ (a*) (a+b+a)
+-a(b+e)+b(ha)
(a+b )b-(a+b )a-bo
(a+b+o )(b+e )+(a+b+o )o+(b+o )0
Nmb+a+d)(k~)+(b +o+a)(o+d)+a+b+o+d)(O+d)+( b+o+d)d+a+b+o+d)d+( o+d)d
-E-(a+b )-(a+b+o )
a-b-(b+o )
(W.b)+b-o
(a+b+o)+(b+o)+.a
(a+bk+d)+(bto+d) +(e+d)+d
,.
1’
,, 1,”.
1
1
1 ,
Ill x
s’ 3) I UJ(X4 )
-(a+b+o )(bta)od (a+b+o+d)(b+o+d)(e+d )d
-& ab(b+o)(b+o+d) ‘
& (a+b)(bo(o+d)
- & (a+b+a)(b+o )od
& (a+b+oM)(b+a+d) (o+d)d ‘
[[
1 a M-b)(a+b+a )ta(a+b.)(a**+d)+
1-m a a+b)(a~)+(a*)(a** )(a**)
* [3i7/rJ%r*)*(b*)(**)-] .
[
1 -(a+b)bo-(a+b)b (c~)+
~ (a+b)o(o+d)+bo(oid) 1
* [=wmp)(~)d-]
[-’
1 (a+bto~)(b+o+d) (e+d)+(a~)(~)d+ I
m (Alwd) (C+d)d+(b+eld)(wd)d 1
. ~(a+b~%(a~~)w(aw~)+~ti)(-w]
~ (a+b) a+b+o+d)+(.+b+o )(a+b+a+d)
1 -b-a(b+a -a(b+a+d)+b(b+.s)+
1~ [b(b+otd)+ b+o)(b+o+d) 1
a [i3x+ww’)(4)-]
\ 1h [%~h’ %Uzb: )d-od
[[ !k b+o+d)d+(a+b+o+d)d+(o+d d ia+b+o+d)(b+a+d) +(b+c+d) o+d)+(aw+d)(o+d)+
- * Ii+c4+hwi+kbt=tda.
+(b+d<k~-a
~~a+b)+b-o-(.+dn
; [(a+b+o )+(b+a )+04]
*fla+b+o+d)+(b+8td )+(0*)+&J
. . -—. - -- .--— . --- —— ------- .— —,——. —. -—. -~————-. .. .. .—
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.,
... -
14 WA TN 2214
.
The correspti~ simplified expressions for the special case
where only the first spacing is different from the rest, as often
encountered.near the buundary of a problem, are given in the following
formulas: In these formulas, r is equal to the ratio of a to the
other uniform spacings b = c = d . . . . For ready ap@ioations,
the differentiationcoefficients and the coefficient of the first
remainder term of this special case - ccunputedfor a range of r
from 0.10 to 1.29, in intervals of 0.01 and are given in the attaohed
tables. .
Three-PointDifferentiation Fornmla for a=rb
m i AO % %?
o -(l+2r)b -(l+r)% -rb
1 1 -b -(1-r)b rb
2 b (I+r)b (2+r)b
o 1, 1 -1
2 1 1 1. 1
2 ‘1” 1. 1
7E/f(3)(E) .~ r(l+r)b26
EEEEsl”
A-~(l+2r)b- ~ (1-r)b+ ~ (2+r)b
.
.
.
.
——: ..- .—-— - .—. —.- —
~. .,. . .
----- .
. . . .
. .
,. . . . . . . ..”. -
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,
-1
PI
3
.
Four-Point
,“
.
.
0.
Differentiation Formula for a~b~o
#
---
f ; k+ “ ‘ “ ~‘q~~’”(l+r)(~r)b2 r(2+r)b2 r(l+r)b2
1 ~2 (2-3r)b2 -2rb2 -r’2 2rb3
1 7zz-
2 -’2 -(l+r)b2 -b2 (l+r)b2
_ J&#
3 ~2 (2+r)b2 2(2+r)b2 (6+3r)b2 2(&b3
.
0 -3(l+r)b -(3+2r)b -2(l+r)b -(l+2r)b [r(2+r)+2(l+r)~b2
1 -3b -(3-r)b -(2-r)b -(1-r)b (2-:)’2 “
~
2 0 rb (l+r)b (2+r)b b2
-m ‘
3 3b (3+r)b (4+r)b (5+r)b @S;)b2
o 1 1 1. 1
- W#!
1 1 1 1 1
-~
5
2 1., 1’ 1 1 Q#?
3 “1 1. 1 1 i2g.)l!
I
q(~) q(<) i-](<) I&)’
-r(l+r)(2+r)b3 “ 2xb3 “ -(l+r)b3 2(2+r)b3
I 1 I I I
.
.
---- -.-. — .. . .._ —
.
- —.-T . ..-. — ~—. _. -—-
——— — .- ——_— _______ .-. -.. _ _ . _- _
. . .
,.-
. .
,..” ---.,.. :.. ,
16
.
.
Five-mt Dlffa’blmlatlcll Fmwila for ~rd -
\
7
7
1
2
3
4
i
1
2
3
4
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In all formulas and tables, E denotes the.first term in the
remainder series. If the value of r of a given problem-lies between
oomputed intervals, either linear or higher-o-r interpolation,,depend-
ing upon the value of r and the nuuiberof Significantfigures requha,
maybe uses to obtain the desired value. In the ooeffioient tlables
where r = 1, the first term.in the remainder series of some deriva~
tives is equal to zero, therefore the seoond re~inder term is requ~a.
Because of the unknown nature of d~/dx in the second remainder term,
the error term listed in the coefficient tables,is obtained by using a
Taylor series expansion at the point xi in question.
Although the tables of meffioients are computed for the case
where the first interval is different from the others, they may also
be uses for the ease where the last interval is different from the
others by taking the coefficient in the reversed order and multiplying
by (-l)m, as indicated by the headings at the bottom of these tables.
These two headings could be used together to get a shcrt interval for
interpolationin’the ease of three-point fos.
It may be noted that in the formulas, t~ coeffioients A
satisfy the folMwing relation:
~ mAi . n m,i
ni E njj=o
j+i ,
and that in the att=hed tables, the coeffioients %i satlsfy the
nj
following relations
and
~(x,-~)k%:=:gsi)
j=o ,
where ,A is any convenient constant.
.
(21)
(22)
-------
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APPLICATIONTO SOLUTION OF PAKEG3L DIFFEWWI IIL EQJATIOMS
The IU.UE&oal solution of partial differential equations mnsists
of two main steps; namely, nplacing the differential equation by its
finite-difference_ssion at a number of ohosen nodal points and
solving the unknmns from the resulting set of elgebraic equations.
.4 The differentiationformulas m presented.herein in order to obtain
more amurate and convenient expressions of the finite-clifference
equations near a mrved boundary and also to enable the use of a net-
work of varying spacings, which may be very desfrable in the machine
computation of problems involving a large number of points, such as
encountered in fluid-flow problems.
.
Consider the following type of ~ial differential.equation of
the second order @equently encountered in ergl.neeringproblems:
(24)
where F, G, H, J, and K are functions of the two independent vari-
ables q and t . In order to use the differentiationformula (16),
it is convenient to choose a rectangular grid over the whole region.
(See fig. 1.) Substituting equation (16) (withoutthe remainder terms)
into equation (24) in each direction at a point, the CP value of.
whioh iS &, results in the fallowing algebraic equation:
where 9J and @ denote ~ values along the q and. L directions~
respectively. (See fig. 1 for a typioal point near boundary with n = 4.)
Obviously,only when the re~imr *Z’MS ~Ri and ~Ri are ne@i -
gible, compared with the main terms in equation (16), will equation (25) ,
represent the ori&hd. equation (24) at these points with sufficient
acouracy, and the golution obtained by solving the set & equations (25)
oovering the whole ngion will give a goti approximate solution of the
original differential equaticxi(24). When fomulas (18) and (20) and . “ ,
the E terms listed in the tables of cmfficients are referr& to, it
is seen that the magnitude of the coefficient of the re=ind.er term is
controlled.entirely by the @gree of the pdynmial use’dand the grid
spaoing chosen.
—— ..—-- . —
— —. ---
-. —..<..- .Z . .
. .
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For nth-degree polynomial representation,derivatives-of orders
higher tb n are involved in the remimr te~; ~+l(x)~ ~+l(x)~
are of the order of the @acing raised to the n, (n-1) . . .
~o&~, respectively;and the denominator (n+l)S inoreases rapidly with
increasing values of n. Bemuse numerioal calculation is usually p?-
formed with dimensionless quantities, with the distance expressed in
terms of a prinoipal dhension of the problem, the spacing involved in
actual oaloulation is usually less than 1. Hence the higher power on
the spacing resulting from a higher-degreepolynomial representation
reduoes the magnitude of the remainder term. Consequently,a higher-
degree polynomial representationwill always pmit a smeller number
of grid points necessary for a given acmracy, if the successive deriv-
atives do not inorease faster than the combined effect of a decreasing
q+~(x) l . . in the numerator and an increasing (n+l)j in the
denominator of the coeffioient, For exam@e, a comparison of the
remainder term of the equally spaoed fourlin-degreeor five-point for-
mula at the off-oenter points sq and x3 with the seoond-@gree or
three-point formula at the oentral point xl indicates that, for the
same aoouraoy, the five-point formula requires a g35as.paoingnot
mailer than that required by the three-point formla raised to two-
thirds power if the fifth &rivative is not greater than the fourth
derivative. Under suoh-a oondition, if the grid spaoing required for
a given desired aoouraoy by using the three-point formula is 0.1, the
spaoiu@ required by using five-point formula is 0.215, which means a
reduction in the umber of grid points of four and eight times can be
expected by going fram three-point formula to five-point formula in
a two-dimensionaland three-dimensionalproblem, respectively. This
saving certainly @tifies the use of slightly more complicated for-
mulas ati is especially important for fluid-flow problems where a very
large region must be included in the oaloulation. This situation is
amply demonstmbed in reference 3, where it is fmud in various problems
that the inolusion of differences up to the fourth order with a rela-
tively coarse grid gives more aocmte results thin using only second-
degree polpomial representationwith a network four times as fine.
In most practical problems, the successive derivatives decrease
in magnitude. There are, however, problems that inolude regions where
, the suooessive derivatives inorease rapidly in magnitude. The only way
to make the remainder term negligible then is to mke the spacing small
enough. One interesting exam@e of this nature is given in referenoe 6,
where the function y = (1+~ )‘1 has a successive even-order derivative
that increases rapi~y at x = O. For a spacing of 1, it was shown that
at x = O. the acouracy of the computed derivative decreases with the
increasing degree of polynomial representation. This decrease is due to
.
.. . .. .. .. .. .
..— .—
-— —-- ..- *--- .. -.? -.. , ..- .,: ---——- -———- --- ---- -- - - ---
. . . .
. . . . . . .
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the faot that the inorease of the derivatives
increase in (n+l)! . With the S~i~ of 1,
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is greater than ‘the
however, none of the three -
. polynomialsused is good enough for aotual calculation. When the spacing
is reduced to one-half, the fourth-degreepolynondal gives better results
.
in several.@aces, but still none of them gives acceptable amuraay.
(See table I.) When the interval is further reduced to one-fourth,the g
fourth-degreepolynomial gives best results ever@here and is the only
one that gives acceptable accuracy over the whole range. When the inter-
val is still further reduoed to one-eighth,the fourth-degree polymnnial
‘ gives mlues amurate to within 1 percent everywhere except for y“ at
x. -1. .The second-de~e polynomials, however, @ve results not quite
as gocd as those given by the fourth-de-e polynomial with twice that
spaoing. Thus, when a small enough spacing (0.25 or 0.125) is,used,
the.coefficient of.the error term decreases with increasing order of
polynomial representation (beoause of the higher power on the spaoing
term and the larger value of the faotorielterm in the denominator) at
a rate suffloiently”fast to overoome the increase of the successive
derivatives at x = O.
Before starting computation of a new ~blem, it is therefore always .
desirable to make a difference analysis of a known solution of a similar
problem or of an approximate solution of the given problem to see approx-
imately how the wanted funotion varies over the entire domain of the .
~blem. In most practioal problems, the successive derivativesusually
decrease over most of the regions and it is always advantageous to use
hig”mr~egree pol~omial representationwith ~latively coarse spacing.
If successive derivatives are expedted to increase rapidly in oertain
regions, however, it is essential to use very small spacings in those
regions. In fluld-flow problems, whefi it is necessary to extend the
domain of calculation far away from-the object to take care of the bound-
- conditions,-it would be desirable to use an increasinglylarge
spacing away from the object.
After the nuniberof nodal points of a given problem and the value
of n at these points are chosen, the appro~iate method of s@ving” the
. resulting set of equations (25) is determined.by the typ of the given
differential equation. If the originel equation is of the eld.iptictype
with the value of the function or its normal derivatives specified on a
closed boundary, the set of equations (25) covering the whole region is #
to be solved simultaneouslyby either indirect or direct mthcds. If
the original differential equation is of the parabolic or hy@rbolic
t~ where initial values of the funotion are given on a uart of the
boundary, the step-by-step forward
(Skmg characteristiclines in the
integration-prooedureis appro~ate
ease of ~rbolic equations). .
.
..—.
— .— -.. . . . . -.— ——— —— -,
.:. ” . “ .“..
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In problems of the boundary-value t~, the re~tion method
develop&d .bySouthwell (reference2) has proved to be mzoh superior to
other iterativemet- and @s been used to solve many important
P engineering problems (references2, 3, and 7 to 10). The ~fferen-tiation famula obtained herein will help to obtain equation (25) more
E accurately and mnveniently at the boundary and to reduce the labor of
computationby adopting a network of varying spaoing in problems in-
volving large domains. “
In problems such as fluid flow over an isolated ai~oil or a CaS-
cade of airfoils inoluding a large nuniberof nodal points, the work
involved is still great even with an increasinglylarge spaoi~ away
flxm the airfoils. Although this tremendous amount of hand cmnputing
may be avoided by solving the ~oblems on a modern high-speed large-
scale digital computing machine, the maohine 6an mly be”set up in a
relatively simple way either with a straight iteration method of
Liebmann or the faster relaxation method and many passes have to be
made over the network to reduoe error everywhere to an all~ble limit.
Beoause of the reoent finding that,the previous error estimate of the
direct solution of a set of algebraic equations by the elimination
technique is far too pessimistic (referencesl-lto 14), ‘andbeoause
the coefficientmatrixof equation (25),although of very large
ozder, contains only a few nonzero elements in eaoh row, thus giving
a much smaller effective order of the matrix, it is quite conceivable
that two- and three-dimemi~-flm problems involving grid points up
to a few hundred oan be solved very ~pidly with acceptable acouraoy
by this technique on the digital machines. ,,
The simplest way of~tirectly solving egyations (25) seems to be
as follows: Equations (25) are first written in the following matrix
form: All the unknown V‘s at the N interior points are denoted
by superscripts 1, 2, . . . and the given boundary values are denoted
with superscripts a, b, . . . w, as shown in figure 2. (The o~r of
numkring is from top to bottom and fmnu left to right.) Then at eaoh
interior point, there is one eqpation (25). When the ccnubinedcoeffi-
cients of unknown V’s in the equation at Vi Point are tie~ted by
M~, and the sum of I@ and the product of the kndwn boundary ~’s
and the corresponding o.peffioientam denoted as Pi, the N sets of
equation can be written in the compact matrix form
.
.
.
(26)
- -- ----- .---. -—.-.——--- --- - ---- ---------- - . . ... . . ... .. ----- . . . . . . ... .. . . . .. .. ._
. . .
-.
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are square and column matrices of order N.
The nature of the coefficient matrix M;
.
from the problem involving
29 unknown qsS shown in figure 2, is indicated,in figude 3. (The
central-pointfive-point formula is used everywhere excepb at the points g
next to the boundary.) In general, the largest number in each row is 1+
located at the diagonal.line. It is clearly indicated in figure 3“that
the matrix M can be considered as composed of 6 x 6 = 36 eubmatrioes;
the ones on the diagonal line are square matrices of otier five and con-
tains only four zero elements ati the remaining ones are diagonal matrices
also of order five-. T“hesesubmatrices are designated La] in figure 3.
Wherever a curved boundary exists, a part of these submatrices is cut off,
as is c$. In case the three-point formla is used throughout, the order
of matrix M nec&s~ily becomes several times larger and there will be
only one line of diagonal submatrices running along each side of the min
ones on the main diagonal.
In equation (26), if the coefficient matrix M is nonsingul.ar,a
unique solution for ~ always exists. Although there are a nuniberof
methods to solve this matrix equation (references12 and 13), the follow-
< ing method is found to be the best in taking tivantage of the large num-
ber of zero elements in the given coefficientmatrix M to reduoe to a
mhimum the number of operations and recordings of the present problem.
This methcd involves the resolution of the coefficient=trix M into
the product of an upper triangular and a
follows: From the.theorem of triangular
enbes 11 and 12),
[M] = [~ [a][~
lower triangular matrix as
resolution of a matrix (refer-
Where [z] and [u] are lower and upper trian@ar matrices both with
unit elements along the diagonal, and [d] is a diagonal matrix. It
is found convenient to combine [~ and” [d] into a lower triangular
matrice [L], which @elds
B!] = El El (28)
TIE elements ti matrices [L] ati [u
1
can be obtained by the ordinary
=trix multipli&tion rule as follows superscripts and subscripts indi-
cate the mniber of the ruw and the column, respectively):
. . —. ~--— --— —T-— —-. , - .:- ——-. -- -- —-- —--- .
. . . ,. .,, ..“ ,!
..—
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(a)
(b)
(c)
(a)
(e)
(f)
and 80 forth.
a column, and
M3-L; u1-L:u2
‘: = L3
3
The sequenoe of operation is always (1) obtain L along
(2) obtain u along a row. The general operation oan
eim@y % written La
(1) Operati~ along a column j:
,
.
(29)
._. _ .-. . —.— --- ---
_..,-.._ -.-. y—.—-. —,. .. , -
,.
—----
-. . ..-. ---— ------ -----
. .
,.
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(2) O~ration along a row -i:
(30)
3.
The natude of [~ ati [~ are indicated in fi~ 4. In fkot, a
oomposite matrix ~] = ~] + [u] - [I] oan be used in place of sepa-
rate matrices [L] and [u] to facilitate recording. Then both L
and u in equations (29) dnd (30) are replaced by V. The composite
matrix is calJ-edauxiliary matrix in reference IS, whe= formulas similar
to equations (29) and (30) were’obtained by an induction process. The
composite matrix V is shown-in figure 5. It may be noted that in the
case of problems where there exe more unknowns in the central region
than shown in figure 2, .matrix V will have more rows like those frcm
row U. to row 25. The di~erence betwaen these’typical.rows from those
above and below them is due to the unsymmetrical formulas at points near
to the left and right boundaries.
When [L] and [u] are obtained, the solution of ~he set of equa-
tions involves the following forward and backwa?klsubstitutions: Defin-
ing a oolumn matrtz Q of the same order N as P yields
giving
or, in general,
.
..-
. .
-.
~] {Q] = {p}
.
J. ,
.
(3i’)
f
;
(32)
.
.
,,----- . . ...————.-
. .
. . .. ..
. . . .“. . .
25
.
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Theunknown matrix q is then Obtainea
El {~1= E!]
that is,
or, in general,
When equation
Qi is obtained in
(33)
.
.
i+l
vi
.~i-3~u;QJ (34) “
=
(32) is compared with equation (30), it is seen that
meoisely the sams manner as Ui. The column
=trix P can the=fore be-added to the right of matrix M and fa?eatecl
in the same manner as the last column of M (fig. 6). In additionj it
is advisable to add a checking column S to M defined by
Then one more column T is
(See fig. 6.) The fcmmulas
(35)
obtained behind Q, and W be~fi ~s .
for checking are
(36)
Wi
.l+q)i (37)
can
ing
If several sets
be plmed behind
several sets of
of values of {P] are given at the s- tim3, they
[1
in the beginning of computation,thus obtain-
V ‘at
solutions are reguirea for
the same the . This situation ~ses when
different boundary values or dtiferent values -
.
.
.
. - .—.-- __ ..-. ——-4----- -- —.-. — --- -- --- -----—— - ------ .—, --- ——-- —-—.-
—...—. .-
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Of K(v,~) in the original differential-equation (25)l If solut~~
is regu-a for a different value of {1?} any time“afterthe first
solution is obtained, the matrix V is always ava~ble and the work
required is only the forward and backward substitution processes. In
all cased, the prlnoipl work inwolved is the transformation of matrix
to matrix V. once this transformation is done for a given ~oblem,
solutions for dt?ferent {P}’s can be obtained very quickly.
This methd can be exkded to nonlinear differential equations,
where the coefficients F, G, H~ J, and K depend on q. Ons way of
exbendiug the methd is to recompute the values of F, G, H, J~ and K
after a solution of ~ is obtained. Recomputing mans, however, repe-
tition of the whole process as sham in figure 6. For scunetypes of
e~iptic differential equation such as the one encountered.in subsonic
flow, a much simpler method is possible. Fob exam@Le, the equations
defining the irrotational@ion of a compressiblenonviscous fluid are
.
Ewtion (38) can be written as (reference 8)
. .
~ *.L apiwp,apav
al$’~ p (
——
)aqaq WI’”
(38)
“
. - (39) ‘
(40)
(41)
By takingthe term involving density as constant for each calculation
and as the K tezm in eqiation (25), a matrix M is obtaiqed @at is
determined only by the geometric shape of the ~oblem. T& matrix V
&n then be used to compute successively imprOved values of {*} using
successively inqmoved values of {p}, which contains the successively
mfxmea values of K (or p). For subsonic flow, the variation of
density with velocity is limited, thus this process of treating the non-
linearity converges rapidly (references9 and 10). This meth~ is
.
.
.
.
.— —..—. .—. -- ~
~-—- ,.— —.. — .— - ..— —
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especially convenient when a large nuniberof
or casmde airfoil is required, such as with
.
27
oases for a given isolated
various stream Mach nunibers
in which case the matric~s M -and V remain fixed:
St is believed that the method &esoriled herein will.find increasing
use in ~oblems of fluid flow.past isolatea and oasoade a~oils, fluia
flow t-h @b~chines j te~ra’hre distribution and the~ stress
in a coolea turbine blade, and many other boundary-value problems. For
an ordinary completely filleilmatrix of otier N, tha number of mzlti-
plioation and division prooessesinvolved in the matrix solution is of
the order of ($+ ‘2) for obtaining [v], and lV2 for obtaining
{Q} and {9]. Bemzse of the large nunber of zero elements in [~,
‘thec&responding nuniberof multiplication and d$vision prooesses in-
volves using the five-point &ifferentiation formula is of the order of
(4P2 N+4@J) for [~, and 413N for {Q} and {q~, wliere P is of
the order of the submatrix a. (If the three-point differentiationfor-
mula is used, there are (B2 N+4~N) and 2@J operations, respectively,
with N necessarily several times larger.) This reduction in the’effec-
tive order of the matrix is very helpful in reducing rounding-off errors.
If the present dtgital computing machine is designed to handle an ordi-
- ~tr~ of order of 100 (reference 11), it may therefore be expected
to handle the special matrix of the present problems of the order of
several hundred, which is sufficient for most fluid-flow problems.
In referenoe
eqyation
IWmerical Example
and takesthe values
3, the funotion V, which satisfies the differential.
(42)
~ = 10,000 Jo (3r) e3z (43)
on the boundary of a ci@e with center at r = 1.5, z = O, and radius of
O.5 (fig. 7), is obtainea by an improves relaxation method with difference
oorzection. Aoourate results were obtainea in referenoe 3 by the inolu-
sion of aifferenoesup to the fourth -r, even with a relatively coarse
network. Beca~e of the ourvd boundary all around, it was felt that it ,
,
. . . .. ..—. -------- . . . . . . . .--m . . . . . . . . . . .-. .-. .— -=3--- —---- —— -- --- --.--.--=. ----. — — --- ---
‘. .,. , . . .
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would be more convenient to.use the differentiationmefficients obtai&d
herein in tier to avoid the exlrapol.ationforlmth ~ ahd high-ozd.er .
d.ifferenoesnear thq boundary. In order to compare the zwults on the
same basis, the same network involving 16 interior points and the five-
point differentiationformula (correspondingto the inolusion of tkLffer- 1l-l
enoesup to the fourth order).are wed. The solution is Obtained by
both relaxation and matrix methods. -
Rekcation solution. - Basically, this problem involves only two
values of a, (O.1 and 0.18990), differing from the uniform spacing
b= 0.2 (fig. 7)l The spaoing ratio is therefore 0.5 and 0.94950,
respectively. Th6 differentiationcoeffioients for 0.5 oan be obtained
directly from the coefficient tables, and the coefficientsfor 0.94950
oan be taken, for engineering accuraoy, as equal to those for 0.95 given
in the coefficienttables. For the present calculation,’however, it
is better to compute these coefficientsmore accurately from the
formulas so that any difference in the result will not be attributed
to this approximation. After the coefficientsar6 obtained, they are
combined according to”equation (42) and are given in figure 8. The
correspondingrelaxation Pattern is given in figure 9.
It is convenient to obtain the solution in two steps. In the first
step only the five a heven lager coefficients of the nine cmeffioients
at each point are used to compute the residual and to improve the q
vQue at each point. After the reguma change of ~ at all points is
reduced to the order of 10, new residuals are computed and V values
are improvedusing all tine coefficients. The computation is stop~d
when the required change of q is less than 1.
Matrix solution. - Because of the possible accumulation of rounding-
ofl error in the matrix tabulation, the boundary values are computes to
five significant figures and the elements of coefficientmatrix M are
given to five dechal places. Matrix P is given to two decimal plaoes,
giving at least six significantnumbers. It was origi@ly intemieiito
keep five decimal places in the matrix V oaloulation also, but it later
developed that some elements in u bemme very small and the computa-
tion was exbended to seven deoimal plaoes, giving a minimm of three
significantfigures in one place. In spite of this decreasein sig-
nificant figures, the substitutionof the cp values obtained into the
original equation gives a new ~P~, ~P~ , which oheoks with the orig-
inal [P] to within two on the fifth significantnumber. The com-
posite matrix V and the column matrices Q, ~, and P‘ are all
given in table II. Calculationswere also made keeping five signi-
ficant figures-everywhere,whioh still gave ~ accurate to within
1.3 percent.
.
. ,,
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A mmparison of solutions obtained by ~laxation ati matrix solu-
tions using the differentiationformula (16), the relaxation solution
. with M.fferenoe correction (referenoe 3), and the exact values are
P
E
given in table III. The first two solutions agree very well and can
be taken as the values the fOurth-deme piece-wise polynomial approxi-
mation and the gria size used..will give for this problem. Although
these values are, in general, accurate enough for engineering purposes,
some of them do not agree with the exaot value as well aa the solution
obtained in referenoe 3. This difference is oaused by the faot that in ‘
reference 3 the boundary values are obtained by extrapolationbased on
the approximate interior values and a constant fifth-order difference
obtained from them is used in subsequent calculations. Also at points
next to the bon-, the relaxation coefficients seem to be based on
a linear variation from those points to the bmn?dary. Beoause of these ,
variations, the ~cedure ‘givenin referenoe 3 will nab always give more
accurate answers than a strictly fourth-degne polynomial approximation
as used herein.
General differentiationformulaa are obtained in temms.of the values
of the funotion at unequally spaced arguments and the correspondingdis-
tanoes between the successive arguments using Lagra@an polynomials of
any de~e. The remainder term is also obtained. The coefficients in
the formulas for the first four derivatives at the given arguments are
explicitly given. For the special ease where there is only one spacing
at ei.tharend of the arguments different from the others, as often
enoountemd in - practical problems, the differentiationcoefficients
are oomputed for different ratios of this spaoing to the others, varying
from 0.1 to 1.29 and in idea of 0.01, and are given in the coeffi-
cient tables.
The formulas and the coefficients obtained can be wed to obtain the
approximate values of the various derivatives at any point witMn the
range of given arguments when the values of the funotion are given at a
mniber of points uneqizallyppaoed. They can also be used in the ~rical
integration of partial differential egyations where the starting value is
given on a ourve unequally spaced from the regular -a lines, or when the
interval must be ohanged during oaloulation. In particular, in the numer-
ical solutions of el.li@ic-type partial differential equations, they can
be used to.obtain the finite-differenceexprqssious more accurately and
conveniently at points near a curved boundary, to enable the use of a
gradually ino=asing grid spaoing away from the object if the boundary
condition is given at infinity, and to render the solution of these prob-
lems practloal on large-scale digital machines by eithdr iterative or
aireOt methodsl
. . .—- .. . .. .. ...— .——. --—-- . -—; —.. . .___— ..-. —— --. — -- —. —.-
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Inmost practical problems, use of differentiationf@’mulas based
on polynomials of higher degree than second is possible and advantageous
to enable the use of a relatively coarse grid over most of the domain
of the problem to reduce the amcunt of work.
~
.I-l
LetiS Flight prO@SiOn Lab-tory,
National Advisory Committee for Aeronautics, #
Cleveland, Ohio, July 5, 1950.
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TABLE III - Comparison?OF RESULTS
m
—
At Relaxation Relaxationw Matrix Exact
solution with solution with solution with value
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Figure 1. - Notation i, j, and k.
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FOIJR-FOINT DIFFERENTIATION COEFFICIEW3
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FWR-POINTDIFFERENTIATIONCOEFFICIENTS
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